We provide analytical tools for pricing power options with exotic features (capped or log payoffs, gap options . . . ) in the framework of exponential Lévy models driven by one-sided stable or tempered stable processes. Pricing formulas take the form of fast converging series of powers of the logforward moneyness and of the time-to-maturity; these series are obtained via a factorized integral representation in the Mellin space evaluated by means of residues in C or C 2 . Comparisons with numerical methods and efficiency tests are also discussed.
and downward jumps (see [12, 32, 15] for more recent discussions and justifications). Moreover, in the context of exponential market models [41] , they generate a wide range of dynamics for the log returns, from almost surely continuous trajectories in the Brownian motion case [9] , to highly discontinuous realizations with a potentially infinite number of downward jumps on any given time interval.
For the specific purpose of option pricing, spectrally negative Lévy processes have been introduced in [12] in the case of a totally skewed α-stable dynamics, the strong asymmetry of the model combined with the presence of fat tails capturing volatility patterns for longer observable horizons more accurately than Gaussian models. They have subsequently been employed in the calibration of index options on some major equity indices (it is shown in [15] that positive jumps are not needed for long term options on most index markets); concerning path-dependent instruments, the impact of one-sided Lévy dynamics on Asian and Barrier options has also been investigated [36, 4] . Let us also mention that spectrally negative Lévy processes have been successfully applied in other areas of Quantitative Finance, notably in default modeling and credit exposure [32] , as the default of a firm is often linked to brutal losses in their assets' value.
When it comes to practical evaluation however, things are more complicated under a Lévy dynamics than in the usual Black-Scholes framework; the literature is dominated by numerical (finite difference) schemes for Partial Integro-Differential Equations [14] , by Monte Carlo simulations [37] or Fourier transforms of option prices [10] . The latter approach is particularly popular, because in most exponential Lévy models, the characteristic function of the asset's log price is available in a closed and relatively compact form; several refinements of the method have been introduced to accelerate the evaluation of Fourier integrals, notably by means of other integral transforms (among others, Fourier-cosine transform [18] or Hilbert transform [19] ) or, more recently, by application of frame duality properties [26] .
In this paper, we would like to take profit of the properties of another Fourier-related transform, namely the Mellin transform [20] . First, let us mention that the Mellin transform has been previously implemented in many areas of financial modeling, from providing representations for vanilla or basket options in the Black-Scholes model [34] , to quantifying the at-the-money implied volatility slope in various Lévy models [22] . In our approach, we will focus on expressing Mellin integrals as a sum of residues in C or C 2 , so as to obtain simple series expansions for option prices. More precisely, we will show that, in the framework of exponential Lévy models driven by spectrally negative processes, option prices have a factorized form in the Mellin space (in terms of maturity and log-forward moneyness); inverting the transform, the prices can be conveniently computed by a straightforward series of residues, allowing for a very simple and fast evaluation of the options.
The Mellin residue technique has been used to derive fast convergent series for European options prices and Greeks, in the Black-Scholes [2] and FMLS [3] models; in this article, we will show that the technique successfully applies to a more general range of exotic power-related options (Digital, Log, Gap, European with cap . . . ). This family of options offers a higher (and nonlinear) payoff than the vanilla options, and thus increases the leverage ratio of the strategies. In the Gaussian context, closed formulas for pricing and hedging standard power options are known since [24] , and have been recently generalized to include some barrier features [25] ; studies have also been made in the setup of local volatility models, or for more generic polynomial options (decomposed a sum of power options) in [30] . The present paper will be devoted to establishing efficient pricing formulas in the context of an asymmetric αstable exponential Lévy model, and to show that it is possible to extend them to the more generic class of tempered stable processes.
The paper is organised as follows: in section 2 we start by recalling some basic facts about option pricing in exponential Lévy models; then, in section 3, we establish a factorized form for option prices in the case of a spectrally negative α-stable dynamics. This factorized form enables us to derive several pricing formulas for power-related instruments in section 4, under the form of fast convergent series of powers of the time-to-maturity and of the moneyness; in this section, we also test the results numerically, and provide efficiency tests. In section 5, we show that similar formulas can also be derived if the stable distribution is tempered, and study the impact of the tempering parameter in the case of a digital option. Finally, section 6 is devoted to concluding remarks and perspectives.
2 Option pricing in exponential Lévy Models
Model specification
Notations. Given a filtered probability space (Ω, F , {F t } t≥0 , P), recall that a process {X t } t≥0 is a Lévy process [7, 29] if there exists a triplet (a, b, ν) such that the characteristic exponent Ψ (k) := − log E P [e ikX1 ] of X t admits the representation:
where a, b ∈ R and ν is a measure concentrated on R\{0} satisfying
(1) is known as the Lévy-Khintchine formula; a is the drift, b is the Brownian (or diffusion) coefficient and ν is the Lévy measure of the process. If ν(R) < ∞, one speaks of a process with finite activity or intensity; this corresponds to processes whose realizations have a finite number of jumps on every finite interval, like in jump-diffusion models such as the Merton model [33] or the Kou model [27] . If ν(R) = ∞, then one speaks of a process with infinite activity or intensity, and in this case an infinite number of jumps occur on every finite interval; this gives birth to a very rich dynamics and such processes do not need Brownian component to generate complex behaviors. When furthermore ν(R + ) = 0 (resp. ν(R − ) = 0), the process is said to be spectrally negative (resp. spectrally positive).
As a Lévy process has stationary independent increments, its characteristic function can be written down as
and its moment generating function, whenever it converges, as:
The function φ(p) is the Laplace exponent or cumulant generating function of the process, and its existence depends on the asymptotic behavior of the Lévy measure; in particular, in the case of a spectrally negative process, the absence of positive fat tail ensures that φ(p) exists in the whole complex halfplane {Re(p) > 0}.
Exponential processes. Let T > 0, and let S t denote the value of a financial asset at time t ∈ [0, T ]; we assume that it can be modeled as the realization of a stochastic process {S t } t≥0 on the canonical space Ω = R + equipped with its natural filtration, and that, under the risk-neutral measure Q, its instantaneous variations can be written down in local form as:
In the stochastic differential equation (5) , r ∈ R is the continuously compounded risk-free interest rate and q ∈ R is the dividend yield, both assumed to be deterministic, and {X t } t≥0 is a Lévy process; for the simplicity of notations, we will assume that q = 0, but all the results of the paper remain valid when replacing r by r − q. The solution to (5) is the exponential Lévy process [41] defined by:
where τ := T − t is the horizon (or time-to-maturity), and µ is a convexity adjustment computed in a way that the discounted stock price is a Q-martingale, which resumes to the condition:
E Q e µτ +Xτ = 1 (7) or, equivalently, in terms of Laplace exponent:
Option pricing
Let N ∈ N and P : R 1+N + → R be a non time-dependent payoff function depending on the terminal price S T and on some positive parameters K n , n = 1 . . . N :
The value at time t of an option with of maturity T and payoff P(S T , K) is equal to the risk-neutral conditional expectation of the discounted payoff:
In the case where the Lévy process admits a Q-density g(x, t), then, using (6), we can re-write (10) by integrating all possible realizations for the terminal payoff over the martingale measure :
In all the following and to simplify the notations, we will forget the t dependence in the stock price S t .
3 Spectrally negative α-stable process (FMLS process)
Lévy-stable process
A Lévy-stable process [39, 43] is a Lévy process whose Lévy-Khintchine triplet has the form (a, 0, ν stable ), with:
where α ∈ (0, 2) and γ ± ∈ R. It is known that, introducing γ and β defined by
then for α ∈ (0, 1) ∪ (1, 2] the characteristic exponent of the process admits the parametrization:
for some constant η ∈ R (see, for instance, exercise 1.4 in the textbook [29] ). A Lévy-stable process can therefore be represented as a 4-parameter process L ( η, γ α , β): α controls the behavior of the tails and β ∈ [−1, 1] their asymmetry, γ is a scale parameter, and η is a location parameter. In particular, when α ∈ (1, 2] then it follows from (14) that η equals the mean E Q [X t ].
It is interesting to note that when α = 2 and η = 0 then the characteristic function (14) degenerates into the characteristic function of the centered normal distribution:
and therefore the Black-Scholes model is a particular case of a Lévy-stable model for α = 2.
Fully asymmetric process
It follows from the definition of the Lévy measure (12) , that the moment generating function M[X t ](p) of a Lévy-stable process exists if and only if γ + = 0, or equivalently β = −1 that is, in the case of a spectrally negative Lévy-stable process, because it has only one fat-tail located in the real negative axis; one also speaks of a fully asymmetric process, and the condition β = −1 is known as the maximal negative asymmetry hypothesis. In this context, choosing η = 0 (process with zero mean), we have:
which is valid for p > 0. It follows from definition (8) that the convexity adjustment reads:
It is in [12] that an exponential Lévy model (5) for a process {X t } t≥0 being a spectrally negative Lévy-stable process L(0, σ α , −1) was first introduced for the purpose of option pricing. The authors gave it the name of Finite Moment Log Stable (FMLS) process, in reference to the existence of the cumulant generating function in this case. Note that the process has infinite activity, the integral of the stable measure being divergent in 0.
Self-similarity and option pricing
We now derive a Mellin-Barnes representation for the density of the FMLS process, and for the corresponding option price that we will denote by C α .
Lemma 1 Let σ > 0, α ∈ (1, 2] and X t ∼ L(0, σ α , −1). Then the density g α (x, t) of the process {X t } t≥0 admits the following Mellin-Barnes representation:
Proof Using eqs. (16) and (17) and the Laplace inversion formula, we have:
where c p > 0. Taking the Mellin transform and making the change of variables p α → p, we have:
for any s > 0. The remaining p-integral is equal to [6] or any monograph on Laplace transform); observe that, as α ∈ (1, 2], the two conditions on s resume to s > 0. Finally, the integral (18) is obtained by applying the Mellin inversion formula [20] and by changing the variable s → 1 − s. (18) shows that the density is a function of the ratio
, which is actually a consequence of the self-similarity property [16] of stable processes (a scaling of time is equivalent to an appropriate scaling of space). This property allows for a nice factorization of the option price in the Mellin space; indeed, let us denote
and
and let us assume that the integral (22) converges for s 1 ∈ (c − , c + ) for some real numbers c − < c + . Then, as a direct consequence of the pricing formula (11) and of lemma 1, we have:
is assumed to be nonempty. Then, under the hypothesis of lemma 1, the value at time t of an option with maturity T and payoff P(S T , K) is equal to:
The factorized form (23) turns out to be a very practical tool for option pricing. Indeed, as an integral along a vertical line in the complex plane, it can be conveniently expressed as a sum of residues associated to the singularities of the integrand. As Gamma function are involved, we can control the behavior of the integrand when the contour goes to infinity by using the Stirling asymptotic formula for the Gamma function [1] :
when arg s ∈ (− π 2 , π 2 ), and the same holds for arg s ∈ ( π 2 , 3π 2 ) if δ > 0. Therefore, by right or left closing the contour of integration in (23), the option price will take the form of a series:
The only technical difficulty will in fact lie in the evaluation of K * (s 1 ): depending on the payoff's complexity, it can be either computed directly, or via the introduction of a second Mellin complex variable s 2 .
Power payoffs in a spectrally negative α-stable environment
In all this section, α ∈ (1, 2], σ > 0, X t ∼ L(0, σ α , −1) and u > 0; the logforward moneyness is defined to be:
and we will use the standard notation X + := X½ {X>0} .
One complex variable payoffs
Digital power options (cash-or-nothing). The call's payoff is:
Proposition 2 The value at time t of a digital power cash-or-nothing call option is:
Proof As we can write:
then, with the notation (22), the K * (s 1 ) function reads:
for s < −1. Using proposition 1 and the functional relation Γ (−s 1 ) = −s 1 Γ (1− s 1 ), the option price is:
(31) which converges for s 1 < 0. We can note that:
is negative because α > 1, thus, it follows from the Stirling formula (24) that the analytic continuation of the integrand vanishes at infinity in the right half plane. Therefore, the integral (31) equals the sum of residues at the poles located in this half plane; these poles are induced by the Γ (−s 1 ) term at every positive integer n, and the associated residues are:
Simplifying and summing all residues yields (28) .
Log power options. These options were introduced in [42] in the case u = 1, and are basically options on the rate of return of the underlying asset. The call's payoff is:
Proposition 3 The value at time t of a Log power call option is:
then the K * (s 1 ) function reads:
for s < −1. Using proposition 1 and the functional relation Γ (−s 1 ) = −sΓ (1− s 1 ), the option price is:
which converges for s 1 < −1. Again, δ < 0, and the analytic continuation of the integrand in the right half-plane has:
-a simple pole in s 1 = −1 with residue
-a series of poles at every positive integer s 1 = n with residues:
Summing the residues (39) and (40) for all n and re-ordering yields (35) .
Capped power options (cash-or-nothing). For K − < K + , the call's payoff is:
Let us define k ± u := log S K 1 u ± + rτ . We have:
The value at time t of a capped cash-or-nothing call option is:
Proof We can write:
and therefore the K * (s 1 ) function reads:
From proposition 1, the option price is:
Like in proposition 2, summing all the residues associated to the poles of the Γ (−s 1 ) function yields the series (42).
Two complex variables payoffs
Digital power options (asset-or-nothing). The call's payoff is:
The value at time t of a digital power asset-or-nothing call option is:
Introducing a Mellin-Barnes representation for the exponential term:
for c 2 > 0 and integrating over the x variable, the K * (s 1 ) function reads:
and converges for (s 1 , s 2 ) in the triangle {Re(s 2 ) ∈ (0, 1), Re(s 1 ) < Re(s 2 )}. From proposition 1, the option price is:
Poles of the integrand occur when Γ (s 2 ) and Γ (−s 1 + s 2 ) are singular; performing the change of variables −s 1 + s 2 → U , s 2 → V allows to compute the associated residues, which read:
Simplifying and summing the residues yields the series (47). The fact that one can close the C 2 contour in (51) is a consequence of the multidimensional generalization of the Stirling estimate (24) (see [35] or the appendix of [2] for details).
Gap power options. A gap option [40] , also called gap risk swap, offers a nonzero payoff on the condition that a trigger price is attained at t = T . More precisely, the call's payoff is:
where K 1 is the trigger price and K 2 the strike price; if the trigger is lower than the strike then a negative payoff is possible (which would not be the case with a classical knock-in barrier). From the definition of the payoff (53), the value of the gap call option is equal to:
European power options. The classical European power option is a gap power option with equal strike and trigger prices (K 1 = K 2 = K); observing that (28) is actually a particular case of (47) for m = 0, it follows immediately from (54) that the value of the European power call is:
When the asset is at-the-money (ATM) forward, that is when S = K 1 u e −rt , or, equivalently, k u = 0, then (55) becomes:
In particular, if whe choose α = 2 and the normalization γ = σ √ 2 in the definition of the convexity adjustment (17) , then (56) reads:
which is the well-known approximation for the ATM Black-Scholes call.
Capped power options (asset-or-nothing, European). For K − < K + , the payoff of a capped power asset-or-nothing call is:
The presence of a cap allows the seller to protect themselves against the eventuality of enormous payoffs; using the identity (43) for the indicator function, and proceeding in a similar way than for proving proposition 5, we obtain:
The value at time t of a capped power asset-or-nothing call option is:
The value of the capped European power option is easily deduced from the values of the capped cash-or-nothing (42) and asset-or-nothing (59) options:
When K + → ∞, the value of the capped option (60) coincides with the classical uncapped option (55); this situation is displayed in figure 1 . We can observe that the convergence to the uncapped price is quicker when α decreases, which is no surprise given the overall 1 α factor. Fig. 1 Convergence of capped European call to the uncapped price when the cap K + goes to infinity, for different tail index parameters α; when α decreases, the European (uncapped) price grows higher, given the presence of a left fat tail as soon as α < 2. Parameters: strike K − = 4000 and horizon τ = 2Y ; market parameters are set to S = 4200, r = 1% and σ = 1%.
Numerical tests
In this subsection, we benchmark the pricing formulas established in the previous sections by comparing them with the formulas available in the cases α = 2, u = 1 (i.e., in the Black-Scholes setup); we also provide comparisons with numerical evaluation of Fourier integrals when α = 2. Except otherwise stated, we choose r = 1%, σ = 20%, K = 4000, τ = 2 years and we make the normalization γ = σ √ 2 in the convexity adjustment (17) , so as to recover the Black-Scholes adjustment − σ 2 2 when α = 2.
Log options When α = 2 and u = 1, a closed pricing formula exists for the Log option [23] :
is the Gaussian density and N (x) is the Normal cumulative distribution function. In table 1, we compare this formula to various truncations of the series (35) for α = 2 and u = 1, in several market situations (out-of-the money, at-the-money and in-the-money).
Power options (α = 2) For u > 0, recall the formula by Heynen and Kat [24] for European power options in the Black-Scholes setup:
where In table 2, values obtained with formula (62) are compared to various truncations of the series (55), for various powers u > 0 and in the ATM situation. The convergence is very fast; of course if one is far from the money, the convergence becomes slightly slower because the moneyness k u grows when u = 1 (for instance, if S = 4500, k 1 = 0.14 but k 1.5 = 2.90 and k 3 = 5.67), and therefore the powers (k µ + τ ) n in the numerator are less quickly neutralized by the factorial/Gamma terms of the denominator. European options (α = 2) As a consequence of the Gil-Pelaez inversion formula for the characteristic functions, the price of an European call can be decomposed into a sum of Arrow-Debreu securities of the form (see details e.g. in [5] ):
The price of each security can be expressed in terms of the stable characteristic function:
Given the simple form of the stable characteristic exponent (14) , the integrals in (65) and (66) can be carried out rather easily in R or any other language. (3000, 6000) ), it is sufficient to consider only the terms up to nmax = mmax = 5 to obtain an excellent level of precision.
In table 3, we compare the values obtained with this method with several truncations of the series (55), for a tail-index α = 1.7. Like before, the convergence is very fast, and goes even faster in the ITM region; this is because the log-forward moneyness (26) is positive in this zone, and therefore, as µ < 0, (k µ + µτ ) is closer to 0 than in the OTM zone, which accelerates the convergence of the series (55). This situation is displayed in figure 2 .
Extension to one-sided tempered stable processes
Tempered stable Lévy processes, which are known in Physics as truncated Lévy flights, combine α-stable and Gaussian trends, and are an alternative solution to achieve finite moments (see details and further references in [38] ). Their Lévy-Khintchine triplet has the form (a, 0, ν T S ) where
for γ ± , λ ± ≥ 0 and 0 < α ± < 2. When γ − = γ + and α − = α + , we recover the CGMY process [11] (sometimes named classical tempered stable process) and when furthermore α − = α + = 0, the Variance Gamma process [31] . In the case where λ ± = 0, there is no more tempering and the process is simply a Lévystable process like in section 3. When α ± ∈ (0, 1)∪ (1, 2) , the Laplace exponent of the tempered stable process can be easily computed: for p ∈ (−λ − , λ + ) one has
where η is a constant depending on the drift a and the choice of truncation function for the characteristic function of the process; without loss of generality we choose it to be equal to 0.
Tempered stable densities
Let us denote by ν − T S (x) (resp. ν + T S (x)) the negative (resp. positive) part of the Lévy measure (67), and by T S ± (γ ± , λ ± , α ± ) the associated one-sided tempered stable processes.
Lemma 2 Let α ± ∈ (1, 2) and µ ± := −γ ± Γ (−α ± ).
(i) If X t ∼ T S − (γ − , λ − , α − ), then its density g − (x, t) admits the Mellin-Barnes representation:
for any c 1 < 1; (ii) If X t ∼ T S + (γ + , λ + , α+), then its density g + (x, t) admits the Mellin-Barnes representation:
for any c 2 < 1.
Proof It follows from (68) and from the Laplace inversion formula that:
for c p > 0. From the frequency shifting property of the Laplace transform, we can write:
where g α− (x, t) is the stable density (18) , and (i) is proved. A similar approach can be used to prove (ii).
Option pricing for negative tempered stable processes
Let α − ∈ (1, 2) and X t ∼ T S − (γ − , λ − , α − ); from definition (8) and the Laplace exponent (68), the convexity adjustment reads:
where µ − = −γ − Γ (−α − ) corresponds to the FMLS convexity adjustment (16) , and as expected µ → µ − when λ − → 0. From the pricing formula (11) and using the notation (21) and (22), the value at time t of an option with maturity T and payoff P(S T , K) is equal to:
and where µ is given by (73). The K * λ− (s 1 ) function can be expressed in terms of the K * (s 1 ) function (22) by introducing a Mellin-Barnes representation for the exponential term:
for c 3 > 0, and therefore, replacing in (74), we obtain: 2) , then the value at time t of an option with maturity T and payoff P(S T , K) is equal to
Example: digital power option (cash-or-nothing) In that case, we know from (30) that:
− , and therefore it follows from (77) that the digital cash-or-nothing call reads:
The double integral (79) has a simple pole in (0, 0) with residue 1, and a series of simple poles in (1 + n, m), n, m ∈ N induced by the singularities of the Γ (1 − s 1 ) and Γ (s 3 ) functions. Summing all these residues yields: Note that when λ − = 0, only the terms for m = 0 survive and (80) degenerates into the α-stable price (28), as expected. In the ATM forward case (k u =0), the first few terms of the series (80) read:
and can be Taylor-expanded for small λ − : Fig. 3 At the money stable (28) and tempered stable (80) prices, and linear approximation (82); the tempered stable price intercepts the stable price when λ − = 0.
In the linear approximation (82), the intercept is the stable price, while the slope is governed by the negative left tail parameter −α − ; the tempered stable price is therefore lower than the stable price (which is due to the tempering of the heavy tail), and the difference increases when α grows. This situation is displayed on fig. 3 for α = 1.7, K = 4000, r = 1%, σ = 20%, τ = 2Y , the series (28) and (80) being truncated to n max = m max = 10.
Conclusions and future work
In this article, we have derived generic representations in the Mellin space for path-independent options with arbitrary payoff, in the setup of exponential Lévy models driven by spectrally negative stable or tempered stable processes. These representations have allowed us to obtain simple series expansions for the price of options with an exotic power-related payoff (Power Digital, Log or Gap Power options, Capped Power European options), by means of residue summation in C or C 2 . These series contain only simple terms and converge very fast, in particular when calls are in-the-money and for longer maturities; they can be very easily used for practical evaluation without requiring any help from numerical schemes. Future work will include the investigation of path-dependent options, like Barrier or Lookback options; spectrally negative α-stable processes are particularly interesting in this context, because the law of the supremum on a period of time is known to be [8] :
which generalizes the reflection principle for the Wiener process (α = 2). Regarding path-independent instrument, we would like to apply the Mellin residue technique to two-sided Lévy processes, with a particular focus on the Variance Gamma and the Normal Inverse Gamma (NIG) processes; indeed,
